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Let A and B be uniformly elliptic operators of orders 2m and 2n, respectively, 
m > n. We consider the Dirichlet problems for the equations (c~‘~-~‘A + B + 
h*“l)u, = f and (B + h”“I)u = f. m a bounded domain Q in Rk with a smooth 
boundary aS1. The estimate 
is derived. This result extends the results of [7, 9, 10, 12, 14, 15, 181 by giving 
estimates up to the boundary, improving the rate of convergence in E, using lower 
norms, and considering operators of higher order with variable coefficients. An 
application to a parabolic boundary value problem is given. 
1. INTRODUCTION 
Consider the equation 
(E~(~-~)A + B + PI) u, = f (1.1) 
for 0 < E < Ed , where A and B are linear partial differential elliptic operators 
of orders 2m and 2n, m > n, respectively. We wish to compare the Dirichlet 
problem for (1 .l) in a bounded domain 52 in Rk with that from 
(B + PI) u = f. (1.2) 
Our purpose is to estimate the rate of convergence of U, to u in La(Q). VVe derive 
the bound 
I/ UC - u lILZ(R) < CE I A I-2n+1 ( + 6 I x I)-’ Ilf Ilpacn, * (1.3) 
In Section I we present a short review of the method of Vishik and Liusternik [ 181 
and show how the problem of deriving (1.3) can be reduced to a particular case 
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discussed in [ 181. In Section 3 wc consider the constant coefficients case in 
Q == R,k. In Section 4 we extend the results of Section 2 to the case of variable 
coefficients. Finally, in Section 5 we derive (1.3) and give an application to a 
parabolic initial boundary value problem. 
The problem of deriving bounds of the form 
1’ u, - u q1 < O(2) i,f~iz 88 (1.4) 
in various norms /I //r and ;I liz was treated extensively by several authors. 
Huet (cf. [12] for references), Greenlee [lo], Lions [14], Bardos et aE. [3], 
Fife [7], and other authors proved weak and strong convergence of u, to u and 
obtained bounds of the form (1.4). The rate 6’ = & was proved in [IO] and in the 
case A = AZ, B = -A in [14], and improved to 0 = 1 by the author in [15]. 
Interior estimates with B = 1 were obtained by Friedman [9]; however the 
stronger rate 8 = IZ [9, p. 297, Eqs. (2.10), (2.15), (4.5), (4.6)] is wrong. Direct 
calculations show that the solution of ?y@) - yf4) = 1 in (0, 1) with homogenous 
Dirichlet boundary values converges at the rate 0 = 1, but not 0 = 2, inL2(0, 1). 
The error is the result of an application of Greenlee’s inequality [9, Eq. (2.6)] in a 
compact subdomain R, to functions that are not in the domain of the operator 
A in Q, . Vishik and Liusternik [18] developed a theory which gives an asymp- 
totic expression of U, - u in terms of boundary layers under some smoothness 
assumptions. In this paper we extend their method to the casefs P(Q) with no 
further smoothness assumptions. We use expansions of the resolvent of an 
elliptic operator developed by Seeley [16] and Burak [4] to reduce the problem 
to the case considered in [18]. 
2. REDUCTION TO THE VISHIK-LIUSTERNIK METHOD 
Let Q be a bounded domain in Rk whose boundary aQ is of class P. Let 
be uniformly strongly elliptic operators with smooth real-valued coefficients in 
0, that is 
and 
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for every 5 E Rk and x ED, where C, and C, are positive constants, and assume 
m > n. Consider the Dirichlet problems 
L,u, = (E~(~-~)A + I3 + h2nI) u, =f in Q, (2.1) 
aju,lad = 0 on a52 (j = 0, l,..., m - I), 
(2.1’) 
and 
L~=(B+h~~1)u=f in Q, (2.2) 
iqaf = 0 on afi (j = 0, l,..., fz - l), (2.2’) 
where f E L2(Q), v is the outward normal to aQ, and X is a complex number. We 
shall assume, as we may, that the symbols 
u = 0(x, 5, A) = c P(x) (ip + A2n 
IalQn 
satisfy the inequalities Re u, > 0 and Re u > 0 for all x E Q, [E Rk, 
0 <E <EC), and Re X2n > h, . In their paper [18] Vishik and Liusternik derive 
estimates that easily lead to the inequalities 
for a sufficiently large N, under the following assumptions. 
(i) The a priori estimate 
II u II LZ(fl) G c II Lp llLZ(sz) 
holds for some positive constant C independent of E, for all u E D, = H2”(SZ) n 
H,,“(Q), and E > 0 (cf. [B] for notation). 
(ii) f E P(Q). 
Their construction is based on the following procedure. Let u = L-1f~H2n+N(Q); 
then the partial differential operator A can be applied to u to get 
L&L, - u) = -•m-n)Au. 
Since u, - u does not satisfy the boundary conditions (2.1’) it is not in D, and 
therefore (i) cannot be applied to u, - II. A correction v is introduced in such a 
way that ue - u - v satisfies (2.1’) and 
L,(u, - u - v) = cg, g EL”(Q). 
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Then, using (i), one concludes that 
The function ZI is constructed in terms of local coordinates (x,y) near the 
boundary &Q (y = distance to 3Q) as a sum of polynomials and boundary 
layers. To be more specific we write 
in local coordinates near %I. Using Taylor’s expansions of the coefficients 
U2m(?Y) = u2m(4 + f Qz,,i(4 Yi + ~2wuL& Y) Yn+l, 
i=l 
b2,(& Y) = b2&) + f b2n.44 Yi + hL.n+1(5 Y) yn+l 
i=l 
and changing the variable y to y = Et we can write 
where 
M,, = u2&)D;” + bzn(x)Dp + (~h)~” 
and the coefficients of R, have the form Cisjfi(x) ti (j < n) and Cicn+rfi(~, y) ti. 
Let FJ,, be a solution of &&+I,, = 0, Dt+T(u + q,) Iv+ == 0 (r = O,..., m - 
n - 1). We can construct T+, in the form or, = l n CyXyn C,(X) exp(-zj(x) y/c), 
where Z?(X) (j = 1,2,..., m - n) are the roots of the equation 
U2&) .2?* + &.,(x) .P + (kp = 0 
such that Re xj > 0 and z+(x) + (bzn(x)/azn(x))112(m-n) wj as E + 0; wj 
(j = 1 ,..., m - n) are the 2(m - n)th roots of ----I with Re wj > 0 (cf. [ll]). The 
coefficients C,(X) are determined by the equations 
m--f& 
2 (-xj)“” C,(X) = --E~D~+~u 1 (r = 0, l,..., m - n - 1). 
%=a 
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Using the well-known [l] trace inequalities and a priori estimates we see that 
II Cj(-41Lw < C II u IIw~) < C Ilfll~w~~ where No = m40, m - 2~). The 
functions C,(X) are 2m times continuously differentiable if f E ZP’(.!S) for a 
sufficiently large N. Next, p, is defined as a polynomial of order n - 1 in y in 
such a way that u + ~a + p, satisfies (2.1’) that is, 
m--n 
cp&, y) = -en 1 C,(x) (1 + (zjy/<) + **a + (-l>“-‘(Zjy/$-‘/(rr - 1)). 
j=l 
We have 
n+1 
L,(u + vo + qo) =f + O(c) + c @%l = f + O(e) + qq, 
S=l 
where 
II Wlr?,*, = o(E) I/f /\#(a, and II Ow%p(n) = o(+-n) Ilf IIHqQ) *
We proceed to construct pj , vuj ( j = 1, 2,..., n) by solving 
M,,vi = - i RsvO (j = l,..., n); 
S=l 
D:+%j Iy=o = 0 (T = 0, l,..., m - n - 1) 
and constructing pj as a polynomial of order n - 1 in y in such a way that 
vi + pi satisfy (2.1’). We set v = xr-, @(v, + ps) 4(y), where 4(y) E P(a), 
4(y) = 1 near LS2, and 4(y) = 0 for y 3 7 > 0 (71 = a sufficiently small 
constant). Using a partition of unity in a standard fashion [18] we can define 
v in L?. We have 11 v IILz(o) < CE jj f [jH~(o) and &(u( - u - v) = EW where 
11 wb(sa) < c Ilf be . Hence 
We will construct functions ul, u2,..., uN and u,l, uc2,..., uGN such that 
U = u - Cy=, IL? and U, = u, - Cy-, u,j satisfy 
LU=F in Q, 
and 
awjihj =0 on asz (j = O,..., n - 1) 
L,U, = F, in Q, 
aju,ja, = 0 on as;! (j = O,..., m - l), 
respectively; F, F, E HN(.Q), 
11 F - f, Ii$‘(n, < CE ilf I&, 9 
and 
Then, using the method of Vishik and Liusternik we will have 
L,(U,- U- V)-Fe-F+tW, 
where V is a boundary layer as above and 
/I WliLzcJaj G C/lFllH~,n~ < CllflIL2fa,. 
Thus, using (2.3) and (2.4), 11 u, - u ilLqn) < CE jlfljLqn). It will be shown 
that C < C’ 1 h /--21E+1 (1 + E 1 h I)-’ for all h such that Re A2” > h, > 0. The 
functions ui are the consecutive terms in the expansion of the resolvent 
(L + PI)-l similar to that of Seeley [16] and Burak [4]. 
3. CONSIDERATIONS IN R);+l (CONSTANT COEFFICIENTS) 
Assume 
and 
B _ c @l.jDB,j 
Iq+i=Bn 
(M > n >, 1) are uniformly strongly elliptic operators defined in 
R ;+:‘” = {(x, y) 1 x E R”, y > 0). 
We use the notation a = (01~ ,..., Q), / a: j = J&r (Y~ , and 
Let /\ be a complex number such that Re h2” > 0 and let E > 0. For any 
f E Com(Ryl) denote by u and u, the solutions of 
(B +A2nI)u=f in + Rk+l (3.1) 
aqx, oyayj = 0 (0 <j < n - l), 
4x, Y) -+ 0 as Y-a 
(3.1’) 
and 
(~‘(~-~)lq + B + h2nI) u, = f in Rk+1 + , (3.2) 
8u,(x, oyayj = 0 (O<j<m- 11, 
u&, Y> - 0 as y- 03, 
(3.2’) 
respectively. 
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The solution u is constructed as follows. Applying the Fourier transform in x 
to (3.1) and (3.2) we obtain for zi([, y), the Fourier transform of u(x, y) with 
respect to x, the ordinary differential equation 
and for a, the equation 
h%i,(& y) + &m-n) / ,+TzPm @*5E”45%(t, Y> = f<s, Y). 
a 
To solve the corresponding algebraic equation 
(3.3) 
(3.4) 
set w == .$/I 5 1 , bj = &l-2.n-i bor,jwa, y = h/l 5 1 , and p = 1 6 j/s. 
Then 
f b2n-jS5 + y2nS2n = 0. 
j=O 
(3.5) 
We shall assume that (3.5) has 272 distinct roots for all finite values of y such that 
Re p” > 0. Consider the following cases, (i) j y I < y. for some small y. , 
(ii) I y I > y1 for some large yr , and (iii) y. < / y [ < yr . In case (i) we have 
for s the expansion [ll] 
s = Sj(1 + O(y2”)) (1 <j < 24, 
where (sj)~~r are the 2n distinct roots of (3.4) with y = 0. In case (ii) 
s = y-l(b) + O(y-l)) (1 <i d 2n) 
where {bj}fl;“, are the 2n distinct roots of b2n(w). In case (iii) s = sj , where 
{sj}fzr are the 2n distinct and bounded roots of (3.5). The roots pj therefore 
have the expansions 
P = I t I r5v + O(Y2% 
-1 
Yj = Sj ) 
and 
P = +il + O(Y-l)), 
respectively. We construct G(f, y) by the method of variation of constants. 
Thus 
W, Y) = jm G(5, Y, W%, t) dt, (3.6) 
0 
234 ZEEV SCHUSS 
where the Green’s function is given by 
-- 
forO~t~y,andG(~,y,t)=G(5‘,t,y)forOey~t.HereRepj<Ofor 
1 < j < n and pj = Pn+$ . The function V(pi ,..., Pn) is the Vandermonde 
determinant, that is V(p, ,..., pn) = I%G<~s~ (pj - pi) and VYp, ,..., p+J are 
similar determinants which appear when Cramer’s rule is applied to the system 
of linear equations for the coefficients in the general solution of the ordinary 
differential equation (3.3) and (3.1’). T o estimate u in L2(Ry) we rely on the 
following principle, which follows easily from the Riesz-Thorin convexity 
theorem [6]. If j 1 K(x, y)l dx < C, and s 1 K(x, y)l dy < C, then 
j 1 j J+,Y)./-(Y) dr I2 dx G GIG j if(~ do- (3.7) 
Now, using Plancherel’s identity, 
jRk+l I 4x, r>l" dx dr = jm 1 I @f, ~11" d5 dy 
0 "R' 
We have here 
= jRk d5 jm 1jm G(&Y, t>f^(t, 4 dt 1’ 4. 
0 0 
where C,(s) is independent of A. By symmetry the estimate 
sup s m I G(f> Y, t)l dr G G(t) 00 0 
holds. Hence, using (3.7), we get 
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The expansions of pi show that C,(t) achieves its supremum as j 5 [ + 0 and 
w3 < c I x I- an. Therefore, using Plancherel’s identity again, we see that 
II u II p(@+l+‘) G c I h I-2n llfllr2(R$+I) . 
Similarly 
II u IIffjc$+f’j G c I x lipzn Ilfll.fq~‘;+I) (0 < j < 24. (3.8) 
It is worthwhile noting that similar estimates in W*“(Ry”-“) can be obtained if the 
Marcinkiewicz multiplier theorem is used [17]. If B contains derivatives of 
lower order than 2n then the same estimates hold for sufficiently large j X / 
(cf. [2]). We turn now to Eq. (3.2). A na o 1 g ous considerations lead to the algebraic 
equation 
2n-1 2m-1 
[y2n + uo(W) 82(rn--n) + ho(w)] s27n + s2(m-n) c b2”-qw) Sj + 82(rn-n) c a2m-jsj 
j=Ll j=O 
= 0, (3.9) 
where ai = &j=2m--j &wa and 6 = 6 ~ .$ I . Set p + U”(W) a2trnen) + bO(w)= 
7-r and consider the following three cases. (i) 6 -+ 0, (ii) TS~@‘-~) > So > 0, and 
(iii) 7$2(m-Q) -+ 0 and S 3 So . In case (i) we use the well-known theory of alge- 
braic functions [ll] to obtain the expansion 
s = (P(w) + y2y2n [[j + O(S)] (1 <<i <w, 
where cj is a 2nth root of 1, and 
s = S[Uj + O(S)] (1 <j < 2(m - a, 
where ai is a 2(m - n)th root of aO(w). In case (ii) s = sj (1 < j < 2m), where 
{,j}~~l are the 2m distinct bounded roots of (3.9). In case (iii), 
s = Cj[7$2(-ql~2~ (1 + o(1)) (1 <.i<Zm) 
where cj = cj(w) depends on the coefficients of A and B. Setting u = I 5 I/s we 
obtain for (T the expansions 
(9 uj = b;l(w) (I f 12= + j h 12n)1’2n (1 + O(S)) 
-V(w) (I 5 I + I x I> (1 + W) (1 <j < 24, 
(ii) u2n+j = (%Xw))-’ C1 + O(‘)) (1 <j < 2(m - n), 
uj=lIl/sj, 
and finally, 
(iii) Cj = dj(w) [(I 6 I + I x I) Eln’m l -1 (1 <j < 2m), 
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where d,(w) depends on the coefficients of A and B. We construct the solution 
to (3.2) and (3.2’) by the same method used for (3.1) and (3.1’) and obtain 
where 
G,((, y, t) = 2(711-n) exp aj(y - t)] [E, (ui - uj)]-‘i 
-I- PC=1 [exp(a,y - f?$)] ~~j”-‘P’*(q ,..., u,) 
(3.11) 
I 
2na 
1 -1 * V(u, )..., GL> JJ (Ui - 4) for0 < t <j L i#j 
and 
G,(E, Y, 4 = G&t> 4~) 
Here 
Re uj < 0 
Oj + 5j as E--f0 
%+j - a as E-+0 
uj = u*,j 
for 2 > y. 
The functions V(u, ,..., a,,) and V*,Q(U~ ,.,., u,,;) are defined as above. To estimate 
the difference Us - u in L2(Ry) we apply the method used in obtaining (3.8). 
We consider each summand in (3.10) and (3.11) separately. Integrals containing 
exponents uj+2m (1 <j < 2(~z - n)) can be easily estimated in P(Ry’) by 
Mllfh:+~) , where 
Since the supremum is achieved as j 5 j +O we see that in cases (i) and (ii), 
M < CC~~(I + E j h I)-’ < G/l h 12+1 (1 + c I h I), 
and in case (iii) 
M < C(l + E / h I)‘“-“““/[1 X 1 •‘“-“)ln]~~ < Cc/i A 12’+1 (1 + E 1 h 1). 
To estimate integrals containing exponents uj such that uj -+ p, as E ---• 0 
(1 <j < 2n), we subtract the corresponding integrals in (3.6). Then it can be 
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easily seen that each resulting difference can be estimated in La(Ry’) by 
Ml II f I mk+~ , where 
Remark 3.1. For any fixed X it can be seen that M = O(@). The estimate 
M, = O(E) cannot be improved; thus the rate jj U, - u llLz(n) = O(E) is the best 
possible, as the example given in the Introduction shows. 
4. CONSIDERATIONS IN Rt+’ (VARIABLE COEFFICIENTS) 
Assume now that A and B are uniformly strongly elliptic operators in Ry+’ as 
above, and assume their coefficients are smooth and become constants for 
1 x 1 I y > 0 for some small positive constant 0. Following Seeley [16] and 
Burak [4] we expand the resolvents 
(W--R)A + B + X2V-l and (B + h2%I)-l 
for the problems (3.2), (3.2’), (3.1), and (3.1’), respectively, is series of smoothing 
operators. Let 
u&x, t, y, D, , A) = C @j(x, y) i?D,j + X2n 
[al+jS2n 
and let u~,(x, 5, D, , h, C) be defined analogously. Then the solutions Jr(x, 4, y, h) 
and &1(x, t, y, h) of the ordinary differential equations 
4x, E, Y, R, ,4 c1 = f (t, Y) y >o, (4.1) 
awpyj ll=o = 0 ( j = O,..., n - l), (4.1’) 
G-t0 as y4 co, and 
Q,(x, 4, Y, D, ,A) c,l = f (t, Y), (4.2) 
aGi,l/ayj I+() = 0 (j = O,..., m - l), (4.2’) 
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zZsi + 0 as y --, co, respectively, exhibit behavior similar to that of the solutions 
in Section 3. Indeed, writing the homogenous differential equation (4.1) as a 
system of 2n first-order equations 
#’ = S(x, 5, y, A) g (4.3) 
we can partition the matrix S into parts corresponding to eigenvalues with 
positive and negative real parts (cf. [5]). Note that if 6’ is sufficiently small the 
real parts of the eigenvalues of S do not change signs. We may assume therefore 
that S is the part corresponding to negative real parts. Writing S = S, -- yS, 
where S, = S ll/=0 we see that the fundamental solution 6 of (4.3) satisfies 
lo--expSy] <Cyexppy 
where 5 is the largest of the real parts of the eigenvalues of S. The constant C 
is independent of A. The function 
d(x, y, A) = (2~)-~ j ecimW(x, 6, y, A) d[ 
Rk t 
x5 = i Xi& 
i j=l , 
satisfies 
Lul =f-fl 
and 
aW/ayj ly=o = 0 (j = o,..., 71 - l), 
where 
-fl(x, y, A) = (277)-” j e-ixe C c &(x, y) t$fiD,“D,W(x, 5, y, A) dcf. 
R" lal+@n 5;; 
y/ 
Differentiating (4.1) with respect to x and proceeding as above we see that 
/ D,zir 1 < C 1 zZ1 j . Since &(x, y) is constant for 1 x j + y > 6 > 0, we get 
(cf. [13]), as in Section 3, 
and 
Thus 
Proceeding as above (cf. [16]) we can construct a sequence ur,..., UN such that 
L(u-u~--*~-u~)=fN, 
aw/ay~ IlEO = 0 (j = O,..., 11 - 1,p = l,..., N), 
fh7 E ~“(~3, 
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for j < 2N. Using the estimates of [2] we conclude that 
and 
UN = (u - ul - . . . - UN) E p+y@+fl) 
The function z+,, has as many derivatives as necessary for the Vishik-Liusternik 
method to be applicable. Using the well-known trace estimates [l] we obtain 
the estimates 
II UJ” wH~(‘Qk) G c I x F+l IlfIlL2(R”+1) . + 
Applying the same method to u, we obtain a sequence 
u <,N = 24, - u,l - a** - U,N, 
L~u,,N = fe,N E HN(Rt+% 
aiuE.N/ayi lvco = o (j = O,..., m - 1). 
The following estimates hold. 
)I u j - uj 11 E p($z+‘) < ce I x I-2%+1 (1 + E I x I)-‘llf IILqRk++I) (1 <j d N). 
5. ESTIMATES IN A BOUNDED DOMAIN 
Assume A, B, f and D satisfy the conditions of Section 2. Using a partition 
of unity and mapping neighborhoods of boundary points in Q into Ii,” (cf. 
[I, 181) we construct two sequences ul,..., uN and u,l,..., ucN as in Section 4 so 
that the estimates of Section 4 hold in a neighborhood of XJ in Q. The interior 
estimates of Friedman [9] show that for any compact subdomain GO C 52 
II UE - 24 llL2(no) < CP-* I x I-2% llf IIp(*) a 
Combining the estimates of Sections 2 and 4 we get (1.3). 
As an application to parabolic initial boundary value problems we prove 
THEOREM 5.1. Let u,(x, t) and u(x, t) be the solutions of 
au,jat -j- E~(++-~)Au~ + Bu = f (x, t) in QT = Q x (0, T), 
24,(x, 0) = 0 in Q 
aqx, q/ad = 0 on asz x (0, T) 
(0 <j < m - I), 
(5.1) 
(5.1’) 
(5.1”) 
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and 
au,‘3 + Bu .=- f(X, t) in 0, , (5.1) 
u(x, 0) = 0 in -Q, (5.2’) 
8u(x, tyavj = 0 on a x (0, T) (5.2”) 
where f (x, t) E Lz(&-). Assume 9 and B are strictly positive operators. Then under 
the conditions of Section 2 
,joTjQ 1 u,(x, t) - u(x, t)12 dx df” < CE i ( joT jD / f(x, t)j2 dx dt’!j . (5.3) 
Prooj. Extendf by 0 outside [0, T] d t d an ex en uC and u by 0 to t < 0. For 
t > T we define u, and u as the continuation of the solutions of (S.l), (5.1’), 
(5.1”) and (5.2), (5.2’) and (5.2”), respectively. Then u, and u decrease expo- 
nentially to 0 as t -+ co. We can therefore take the Fourier transforms of both 
sides of (5.1) and (5.2). We obtain 
(i/II + &‘--nJA + B) ~2, =f 
and 
(ihl+ B) zi =f 
for the Fourier transforms zi, and C of U, and u, respectively. Since A and B are 
strictly positive operators we get 
II fi,(x, 4 - qx, 41L*(*, < Cc(l t p)-2n+1 (1 + y-l I!&(,, 
where p = 1 h 11/2n. Employing the Plancherel theorem we obtain (5.3). 
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